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An efficient algorithm to compute the posterior genotypic
distribution for every member of a pedigree without loops
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Abstract. This paper describes a non-iterative, recursive
method to compute the likelihood for a pedigree without
loops, and hence an efficient way to compute genotype
probabilities for every member of the pedigree. The
method can be used with multiple mates and large sib-
ships. Scaling is used in calculations to avoid numerical
problems in working with large pedigrees.
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Introduction

Most traits of agricultural importance are assumed to be
controlled by genes at a large number of loci. These are
called polygenic traits, and their analysis is usually based
on the assumption of a normal distribution for the geno-
typic value. This assumption leads to methods of analysis
for these traits that have appealing statistical properties
and are also computationally efficient, even with large
complex pedigrees (Henderson 1973; Henderson 1984;
Wiggans et al. 1988).

Traits determined by genes at a single locus or a few
loct are called monogenic or oligogenic traits, respective-
ly. Methods for calculating the likelihood of pedigrees for
monogenic and oligogenic traits have been extensively
discussed in the human genetics literature (Elston and
Stewart 1971; Lange and Elston 1975; Cannings et al.
1976; Cannings et al. 1978; Lange and Boehnke 1983)
and have only recently been discussed in the animal ge-
netics ljterature (Elston 1990). Methods have also been
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developed for calculating genotype probabilities for a
future member of human pedigrees (Murphy and Muta-
lik 1969; Heuch and Li 1972; Lalouel 1980).

Van Arendonk et al. (1989) presented an iterative al-
gorithm to calculate the genotype probabilities of all
members in an animal pedigree. Some limitations in their
algorithm have been removed by Janss et al. (1992). The
objective of this paper is to present a more efficient non-
iterative, recursive algorithm to calculate for an oli-
gogenic trait the genotype probabilities of all members in
an animal or human pedigree without loops. The princi-
ples used in this development were introduced by Mur-
phy and Mutalik (1969), Elston and Stewart (1971), and
Heuch and Li (1972). The iterative algorithms by Van
Arendonk et al. (1989) and by Janss et al. (1992) are based
on these same principles.

Definition and notation

A pedigree can be represented diagramatically (Fig. 1)
with lines connecting mates with each other and offspring
with parents. Each member of the pedigree has either two
parents or no parents in the pedigree; those with no
parents are called founders (members 1, 2,4, 5,6, 7, 8, 11,
14, and 23 in Fig. 1). Relative to any member i in the
pedigree, the remaining members can be divided into two
groups — (1) those anterior to it and, (2) those posterior to
it. The members anterior to any member i are defined to
be those connected to i through its parents and fullsibs
(including the parents and fullsibs themselves). For exam-
ple, the members anterior to 12 are: 1, 2, 3, 4, 5, 6, 9, 10,
15, and 16 (Fig. 1). The members posterior to a pedigree
member i are defined to be those connected to i through
its mates and offspring (including the mates and offspring
themselves). For example, the members posterior to 12
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Fig. 1. Diagramatic representation of pedigree with lines con-
necting mates with each other and offspring with parents. All
members of the pedigree above and to the left of the dotted line
are anterior to 12, all those below and to the right of the dotted
line are posterior to 12

are: 7, 8, 11, 13, 14, 17, 18, 19, 20, 21, 22, 23, 24, and 25
(Fig. 1). If the anterior members for any member i include
any of its mates, the pedigree is said to have a loop.
Let y; be the phenotypic value of i and g(y;|u;) the
conditional probability of y;, or probability density, if the
phenotype is continuous (this distinction will be omitted
in the rest of the paper), given i has genotype u;. When y,
is missing, g(y;|u;) is set to one. The anterior probability
for a member i, denoted a; (i;), is defined to be the joint
probability of pedigree members anterior to i having the
observed phenotypes and i having genotype u;. The pos-
terior probability through mate j, denoted p;; (), is de-
fined to be the conditional probability of phenotypes of
pedigree members posterior to i through its mate j and
through its offspring from mate j, given i has genotype u;.
Let S, be the set of pedigree members that are mates
of i, and let C;; be the set of children of parents i and j.

Recursive calculations
Genotype probabilities and likelihood
The conditional probability that pedigree member i has

genotype u; given all the phenotypic data (y) can be calcu-
lated as

Pr(u;ly)=a; (w;) g(v;|u;) l—g Pij (w;)/ L 1)
where =
L=Z_ a; (u;) g(v;lu;) i Pij (u;)- 2

The first factor in the numerator of (1), a; (1,), is the joint
probability of phenotypes of members anterior to i and of
genoype y; for i. The second factor, g(v,|u;), is the condi-
tional probability that i has phenotype y; given it has
genotype u;. The third factor, [ Tp;; (#;), is the conditional
probability of phenotypes of members posterior to i, giv-

en i has genotype u;. The product of these probabilities
gives the joint probability of the phenotypes of all mem-
bers of the pedigree and of genotype u; for i. Summing this
joint probability over all genotypes u; for i as in (2) gives
the probability for the observed pedigree data. Expressed
as a function of unknown parameters, L is the likelihood
for the pedigree.

To calculate the genotype probabilities using (1), the
anterior probabilities a; (1;) and posterior probabilities
py; (u;) for j in §; are needed. The calculation of each of
these probabilities is described below. For simplicity of
exposition we shall assume that mating is at random, but
only minor modifications are necessary to allow for a
joint distribution of mating types.

Anterior probabilities

If i is a founder, it has no anterior members. Thus, the
anterior probabilities for i are given by the population
genotype probabilities appropriate for i. If i is not inbred,
these probabilities will be in Hardy-Weinberg equilibri-
um proportions; otherwise these probabilities will reflect
the degree of inbreeding. If i is not a founder, it is connect-
ed to its anterior members only through its parents and
full sibs. Thus, to recursively calculate the anterior prob-
abilities for i, first calculate the following:

1) anterior probabilities a,, (u,,) and a, (u,) for m and f,
the parents of i;

2) posterior probabilities p,,; (u,,) for m through all mates
j of m, except j= f;

3) posterior probabilities p,; (u,) for f through all mates
jof f,except j=m;

4) posterior probabilities py, (u;) for all offspring j of m
and f, except j=i, through mates k of j.

For a pedigree without loops, the calculation of these
four sets of probabilities will not require the calculation
of a; (u;), the anterior probabilities for i.

Once these are calculated, a; (4;) can be calculated as

a; (“1)22 {a’m (um) g(ym|um) H pmj (um)

Um J€8m
i*Fr
XZ{af (uf) g()’f'“f) l_g Prj (“f) 3)
ug jeSs
j¥m

XA (U |1y, U )

x T1 [Ztr(ujlumauf)g(ijj) IT pi (“1)]}},
J€Comys |_uj keS;
FE
where tr(y;lu,,, u,) is the conditional probability that i
has genotype u; given that i’s parents, m and f, have
genotypes u,, and u,. The product of the factors
8y, (Uy), 8V 1), and T Py (1,,) on the first line of (3)
gives the joint probability of phenotypes of members

anterior to i through parent m and of genotype u,, for m.



Similarly, the product of the factors a, (u,), g(y,lu,), and
[Ty (u;) on the second line gives the joint probability
of phenotypes of members anterior to i through parent f
and of genotype u, for f. The last line of (3) gives the joint
probability of phenotypes of members anterior to i
through its fullsibs, given genotypes u, and u, for the
parents. The product of the factors on lines 1, 2, and 4,
described above, and tr(u;|u,, u,), defined earlier, gives
the joint probability of phenotypes of members anterior
to i through its parents and fullsibs and of genotypes for
the parents and i. Summing over the genotypes of the
parents gives the anterior probability for i.

Posterior probabilities

A pedigree member i is connected to its posterior mem-
bers only through its mates and offspring. Thus, to recur-
sively calculate the posterior probabilities p;; (u;) for i
through its mate j, first calculate

1) anterior probabilities a; (u;) for the mate j of i;

2) posterior probabilities pj (u;) for j through all the
mates k of j, except k=i,

3) posterior probabilities p,, (1) for all offspring k of i
and j, through the mates ! of k.

For a pedigree without loops, calculation of these proba-
bilities does not require the calculation of p;; (;), the
posterior probability for i through j.

Once these are available, p;; (;) can be calculated as

#i

Pi;j (u)=2 {aj (”j) g()’j I“j) kl_gpjk (uj) 4

k#i

x Tl [Z tr (u Ju;, uj)g(ykluk)ll—;[ Pu (”k):l}

keCij | ur

The product of the factors, a; (u;), g(y;|u;), and [Tpy (u;)
on the first line of (4) gives the joint probability of the
phenotypes of pedigree members posterior to i through j
and of genotype u; for j. The second line gives the joint
probability of the phenotypes of the pedigree members
posterior to i through its offspring from mate j, given the
genotypes u; and u; for i and j, respectively. The product
of the factors on line 1 and line 2 gives the joint probabil-
ity of the genotype for j and of phenotypes of members
posterior to i through mate j and through its offspring
from mate j, given the genotype for i. Summing over the
genotypes of j gives the posterior probability p;; (1;).

Example
The pedigree given in Fig. 1 is used here to illustrate the

recursive calculations. Consider the calculation of geno-
type probabilities for individual 12.
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Table 1. Probabilities required for the recursive calculation of
Pr(u,,|y). Column i+1 gives the probabilities required for cal-
culation of those in column i. Anterior probabilities for founders
are given by the population genotype frequencies, and no further
recursion is needed

Pru,,ly) ay,(u,) ay(uy)
as(u;) ay (uy)
a,(u,)
Pio,s(#10)  ag(us) as(us)
2g{u)
P12, 11 W) a5 (ugy)
Pi2,13(U12)  253(u13) a,(u,)
ag (i)
Pi3,1a(y3)  2520u4)

P22,23M22) a33(%23)

From (1), calculation of Pr(u,,|y) requires a,,(u,,),
P12, 11(#12), and pyy 13(u;,) (see Table 1). Calculation of
ay, (1;,) in turn requires az (43), a4 (Uy), and pg o ().
Calculation of a5 (15 ) requires a; (u,) and a, (4, ). Individ-
uals 1 and 2 are founders, and thus their anteriors are
given by population genotype frequencies. Now the cal-
culations for a; (u;) can be completed. Individual 4 is
also a founder so no further recursion is needed to obtain
its anterior. Now the calculation of py4 o (40) is under-
taken. This requires aq (4o). Calculation of ag (uy) in turn
requires a5 (us5) and agq (4g). Individuals 5 and 6 are
founders, and no further recursion is needed to get their
anteriors. The calculation of ag (44) can now be complet-
ed, and this is used to complete the calculation of
P1o,o{t50) Now that ay (u3), a4 (us), and pyo o (1) are
available, the calculation of a,, (u,,) can be completed.
Next, the calculation of py, 4 (u,,) is undertaken. This
requires a, (1,4 ). Individual 11 is a founder, and no fur-
ther recursion is needed. The last item required to com-
plete the calculation of Pr(u,,|y) is py, ;5 (1y,)- Calcula-
tion of py, 13(u;,) requires a;3(uy3) and pyz g4(ug3)
Calculation of a,5(u,5) requires a,{u,) and ag (ug). Indi-
viduals 7 and 8 are founders, and no further recursion is
needed to get their anteriors. The anteriors for 7 and 8 are
now used to complete the calculation of a,; (u;5). Next,
the calculation of py; 14 {(u,3) is undertaken. This re-
quires a,4(u;4) and Py, 23(45,). Individual 14 is a
founder, and no further recursion is needed to obtain
its anterior. Next, calculation of p,, ,3(u,,) requires
4,4 (153). Individual 23 is a founder, and its anterior is
obtained without further recursion. This is used to com-
plete the calculation of p,, ,3 (4,,), and this in turn is
used together with a,, (u,,) to complete the calculation of
P13, 14(U13). Next, a;3(u;3) and pys 14(u;3) are used to
complete the calculation of py, ,3{(u;,). Finally, this is
used together with a;, (1, ) and p,_ 1, (1,) to calculate
Pr(uy; y)-
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In the calculation of genotype probabilities for anoth-
er individual, only the required anteriors and posteriors
that have not been already obtained need to be calculat-
ed. For example, to calculate Pr(usly), a;s(u;s),
P13,12(13), and py;q4(uy3) are needed. However,
ay3(uy3) and py3, 44(uy3) have already been obtained in
the calculation of Pr(u,, |y). Thus, only p, ; ;,(;3) needs
to be calculated. Calculation of p,;,,(u,3) requires
a;,(uy,)andpy, (4 (uy,). Both of these have already been
obtained. Thus, the calcuation of p 5 ;,(u;3) can be com-
pleted, and this in turn can be used together with a5 (u, 5)
and pys 14(u;3) to calculate Pr(u,;|y).

Scaling

Calculation of the genotype probabilities and likelihood
by direct application of Egs. (1) and (2) together with (3)
and (4) can result in the manipulation of very small or
very large numbers. This can lead to numerical problems
on computers where numbers are represented with finite
precision. This problem can be avoided by scaling
a; (w;), p;; (u;), and g(y;|u;) such that they always sum to
one over the genotypes u;. Scaling of g(y;|u;), for exam-
ple, is accomplished by dividing g(y;|u;) by the scaling
factor 2. g(v;lu;).

When the scaled a, (;), p;; (4;), and g(y;|u;) are used
in (1) and (2), the scaling factors in the numerator and
denominator of (1) cancel to give the unscaled value for
Pr(u;|y). Thus, we do not calculate the unscaled value of
the likelihood, which may be outside the range of num-
bers that can be represented on computers. The unscaled
log likelihood can be obtained by accumulating the logs
of the scaling factors. Let K be the sum of the log scaling
factors used in calculating the likelihood. Then, the un-
scaled value of the log likelihood is given by K +log(L),
where L is the scaled value of the likelihood.

Time and storage requirements

Formulae (3) an (4) can be used to calculate all the ante-
rior and posterior probabilities by iteration. We first de-
scribe how this can be done, and then compare the time
required for recursive calculation with that for iterative
calculation. :

To start the iterative process, set the anterior probabil-
ities of all founders to the population genotype frequen-
cies and set all other anterior and posterior probabilities
to one. An iteration consists of the following calculations
for every individual in the pedigree:

1) If the individual is not a founder, calculate its anterior
using formula (3) with the current values for the re-
quired anteriors and posteriors.

2) If the individual is a parent, calculate its posterior
through each mate using formula (4) with the current
values for the required anteriors and posteriors.

This process is repeated, calculating anterior and posteri-
or probabilities in reverse sequence to that in which they
were calculated in the previous iteration, until conver-
gence is reached.

The time required to calculate all the anterior and
posterior probabilities by recursion is equal to that for
one iteration of the above process. Once all the anteriors
and posteriors are available, both approaches will require
the same amount of time to calculate the genotype prob-
abilities using (1) and (2). Both the recursive and iterative
methods require the storage of anterior probabilities for
every parent that is not a founder and of posterior prob-
abilities for every parent through each of its mates. Thus,
our non-iterative algorithm requires less time and no
more storage than does the iterative algorithm.

Discussion

The algorithm presented here for pedigrees without loops
is relatively easy to program because of its recursive na-
ture, is efficient in time requirements because it is non-
iterative, and requires no more storage space than a com-
parable iterative algorithm. Although it can be adapted
to be used for pedigrees with loops, the results obtained
would not be exact. A non-iterative algorithm for pedi-
grees with loops could be based on the method of likeli-
hood calculation suggested for this situation by Lange
and Elston (1975) or Goradia et al. (1992). Such an al-
gorithm would be computationally feasible for pedigrees
with a few small loops, such as are generated, for example,
by sire-daughter matings, but would quickly become im-
practical (in terms of both time and storage requirements)
as the loops increase in number and size. For such situa-
tions, approximate calculations using recursive or itera-
tive procedures may be the best solution. The larger the
loops, the slower one might expect the speed of conver-
gence of iterative procedures to be. On the other hand,
the effect of cutting a loop, to eliminate it, is smaller the
larger the size of the loop, so that slow speed of conver-
gence may not matter in these cases. The best way to
calculate genotype probabilities for a pedigree with loops
is a topic deserving further study.
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